Nonlinear integral equations are proposed for the description of the full finite size spectrum of the 2-dimensional O(3) nonlinear σ-model in a periodic box. Numerical results for the energy eigenvalues are compared to the rotator spectrum and perturbation theory for small volumes and with the recently proposed generalized Lüscher formulas at large volumes.
Introduction
The study of finite size (FS) effects in quantum field theories has recently been received a lot of attention. While understanding the structure of FS effects has always been an important part of the theory of quantum fields (in particular in the numerical simulation of lattice field theories), this renewed interest is due to the important role FS effects are playing in the verification of the AdS/CFT correspondence [1] . Partially motivated by similarity to the AdS/CFT problem, nonlinear integral equations (NLIE) have been proposed [2] to describe the spectrum of excited states in the 2-dimensional O(4) nonlinear σ-model confined to a finite, periodic box. Motivated also by a problem in the AdS/CFT correspondence, a generalization of Lüscher's formulas [3] , giving the leading large volume dependence for all excited states were proposed [4] . This result was succsessfully applied for calculating the 4-loop [4] and 5-loop [5] anomalous dimension of an important operator in the AdS/CFT correspondence.
In this paper we propose a set of nonlinear integral equations and corresponding quantization conditions for the description of the full finite size spectrum of the O(3) NLS model. Based on the proposal that the O(3) NLS model can be represented as a limit of appropriately perturbed Z N parafermion conformal field theories (CFT), the Thermodynamic Bethe Ansatz (TBA) equations for the ground state of the O(3) NLS model were proposed first 1 in [7] . The equations could be formulated in a rather elegant form in terms of the incidence matrix I jk of an infinite Dynkin diagram of type D depicted in Figure 1 :
log y k (θ) = −ℓδ k0 cosh θ + be expressed in terms of the solution of (1.1) by a simple integral expression:
It was also shown that the solutions of the ground state TBA equations satisfy certain functional equations, the so-called Y-system equations, which take the following form for the O(3) NLS model:
Detailed studies of analogous problems for integrable lattice models [8] indicated that the Y-system is universal in the sense that different solutions of the same Ysystem describe all excited states of the model. The difference between the solutions is encoded into their analytic structure. Thus the excited states can also be described by TBA equations, which are similar to the ground state TBA equations but are supplemented by additional source terms and quantization conditions. For relativistic quantum field theories (QFT) this phenomenon was first observed in [9] , where for certain perturbed CFTs it was demonstrated that excited state TBA equations can be obtained by the analytic continuation of some parameters of the ground state equations. Later, based on an integrable lattice regularization, universality of the Y-system for all excited states was demonstrated and excited state TBA equations were derived in the sine-Gordon model [10] . In this model it was also shown that the source terms for excitations can be determined by studying the large volume asymptotics of the Y-functions.
The above examples suggested that it is true in general also for relativistic QFTs that the same Y-system describes all excited states of the model and the TBA equations for the ground state and excited states differ only by source terms and additional quantization conditions, which can be determined from the knowledge of the infrared (IR) asymptotics of the Y-functions. Accepting the above hypothesis 1-particle TBA equations were proposed for the O(3) and O(4) NLS models by an appropriate modification of the analytic properties of the vacuum Y-functions [11] .
The disadvantage of the TBA approach to sigma models is that the number of unknown functions is infinite. It is desirable to find an equivalent nonlinear integral equation (NLIE) description of the problem, with only a few unknown functions.
Although such a set of NLIEs is equivalent to the Y-system and TBA, it is a very useful technical tool that makes the analysis of finite size effects more efficient. In the cases of interest a Y-system is equivalent to a T-system and the latter can be solved by an auxiliary linear problem called TQ-relations. As it was shown in a series of papers the TQ-relations are the basic tool for the derivation of an NLIE [12] . In [13, 14, 15] integrable lattice regularizations were used to derive NLIEs for certain QFTs, while in the case of the O(4) NLS model [2] started directly from the TQ-relations of the continuum theory.
In a series of integrable lattice models [12] and relativistic QFTs [13, 14, 15] it has also been demonstrated that similarly to the TBA case the NLIE for the ground state and excited states differ only in source terms and quantization conditions, which can be determined from the IR analysis of the unknown functions. Using this hypothesis and starting from the ground state equations [16, 17] 1-particle NLIEs were proposed for the O(3) and O(4) NLS models [18] .
The organization of the paper is as follows. In the next section we propose a set of nonlinear integral equations and quantization conditions for the full spectrum of the periodic O(3) NLS model. In Section 3 we study the large volume limit and give a detailed analysis of the spectrum of 2-particle states in this limit using the solution of the asymptotic Bethe Ansatz. In Section 4 we discuss our numerical results, both for small volumes, where comparison to the rotator spectrum and perturbation theory, and for large volumes, where comparison with the Bajnok-Janik formulas, are presented. Technical details are explained in Appendices A and B.
The nonlinear integral equations
Our starting point in this paper is the hypothesis that the same Y-system describes all excited states of the O(3) NLS model. We generalize the NLIE technique to describe the complete finite size spectrum of the model. The generalization is based on the equivalent formulations of the Y-system (1.3) through a T-system and TQrelations. With the help of the TQ-relations we can define appropriate auxiliary functions in terms of which the infinite set of TBA equations can be reduced to a finite set of equations, containing only a few unknown functions.
In the large ℓ limit eigenstates of the model are multi-particle states satisfying the Bethe-Yang equations, which provide quantization conditions on the set of particle rapidities, X = {θ k }, k = 1, 2, . . . , N. This is constructed as follows. We take an M-magnon solution of the asymptotic Bethe equations:
where 2) and the u j s are the magnon rapidities and their number M ≤ N determines the isospin of the N-particle state through the formula J = N − M.
Next we construct the T-system elements for k = 0, 1, . . .
where
In particular, 6) which is a polynomial of degree N as a consequence of the Bethe Ansatz equations (2.1). It can be shown also that all T k are polynomials of degree 2N. Using the definition
it is possible to verify that the functions φ, T 0 , T 1 , . . . form a semi-infinite T-system 8) whereφ is the complex conjugate 3 of φ. The system is semi-infinite because it can be consistently truncated putting T −1 (θ) ≡ 0.
Next one constructs the Y-system elements
which satisfy the Y-system equations
for k = 2, 3, . . . and
The main result in this construction is that 13) where Λ(θ, θ) denotes the eigenvalue of the transfer matrix made out of the twoparticle S-matrixŜ ij (θ) of the O(3) NLS model:
More precisely, here we deal with the spin-1 transfer matrix, where both in the auxiliary space and in the "quantum" spaces we take the spin-1 representation of SU(2).
It is a common experience in the theory of Bethe Ansatz equations that the polynomials T k have only real roots inside the physical strip |Im θ| < q (see, for example, [19] ). We denote the set of real roots of T k (which may be empty) by t k for k = 1, 2, . . . . From (2.5) we see that
wheret 1 is the set of real roots ofT 1 and from (2.9) we see that, denoting the set of roots of y k inside the physical strip by η k ,
Furthermore, we see that the quantization conditions
are satisfied by (2.10).
We need one more equation to quantize the rapidities of the physical particles. They are determined from y 0 (θ) by the equation:
For large ℓ this equation is equivalent to the Bethe-Yang equations 19) if y 0 (θ) = e −ℓcoshθ y 1 (θ).This relation is consistent with the Y-system equations (1.3)
independently of the value of ℓ. In this paper we will assume that this relation holds exactly.
For finite ℓ the Y-system equations (2.11) for k = 3, 4, . . . and (2.12) are unchanged and only the k = 2 equation is modified to
Since the only change is the inclusion of the multiplyer Y 0 , which is very close to unity for large ℓ, we will assume that the finite ℓ solution is a smooth deformation of the Bethe Ansatz construction, i.e. both the functions y k (θ) and the sets t k are smooth deformations of the ones determined by the above explicit construction at large ℓ. (2.15) still holds, but with X containing the modified particle rapidities θ k . Now it would be possible to rewrite the Y-system equations for excited states as a set of TBA integral equations similar to (1.1), by adding source terms corresponding to the y k roots. This would be supplemented by quantization conditions of the form (2.17) and (2.18) . In this paper we leave out this step and proceed directly to the NLIE description.
Assuming that the solution of the excited state Y-system (1.3) is found, we first build a T-system, which is equivalent to it. Since the semi-infinte Y-system (2.11) for k = 3, 4, . . . is of the form of the standard A 1 Y-system, we can find suitable Tsystem functions φ, T k satisfying (2.8) so that (2.9) and (2.10) hold for k = 2, 3, . . . . The k = 2 relation (2.20) corresponds to the modified relations
In Appendix A it is shown explicitly that it is always possible to find T-system functions T k for k = 0, 1, . . . such that (2.21), (2.22) are satisfied, (2.9) and (2.10) hold for k = 2, 3 . . . and the roots of T k coincide with the elements of t k for k = 1, 2, . . . Furthermore the T-system equations (2.8) are satisfied for k = 1, 2, . . . with φ given by (2.7) (with the modified θ k rapidities). The T-system functions obtained this way are smooth deformations of the corresponding ones constructed in the large ℓ limit. Next we construct the TQ system. This is based on the fact that the T-system equations (2.8) are integrable and have a Lax representation [2] through the auxiliary problem (TQ-relations)
It can be shown that in the Bethe Ansatz limit Q(θ) =Q(θ) = Q 0 (θ) satisfies the TQ system (2.23). In Appendix A we show how to find a Q(θ) solution which is a smooth deformation of Q 0 (θ).
Both equations (2.8) and (2.23) are invariant under the gauge transformation
The Y-functions y k are gauge invariant. We will use for the NLIE the following gauge invariant auxiliary functions:
Furthermore the auxiliary functions (2.25,2.26) satisfy the functional equations
(2.27), (2.28) and (2.29), together with the analytic properties that can be read off the reperesentation (2.25,2.26) are the key to find a set of NLIEs that effectively truncate the TBA equations at the kth node. The complete set of unknown functions of our NLIE we discuss below are the functions: b 1 (θ), which will be denoted by b(θ − i γ) for short, y 1 (θ) and y 0 (θ). For the quantization conditions the function b 0 (θ) will be used as well. The derivation of the NLIE is given in Appendix B, for an important subset of multiparticle states. Here we present the equations and quantization conditions for the most general excited state of the model precisely. The NLIEs take the form:
log y 0 (θ) = −ℓ cosh θ + log y 1 (θ),
where γ is a contour shifting parameter restricted into the interval 0 < γ < π 2 , ln denotes the "fundamental" logarithm function having its branch cut on the negative real axis and we introduced the notation for any function f :
The kernel function G of (2.30) reads as
while K(θ) is the kernel of the TBA equations. The source terms of (2.30) read as:
where χ(θ) and χ K (θ) are proportional to the odd primitives of the kernel functions
and the second determination of any function f II (θ) is defined by:
The function χ K (θ) is given by the formula:
The branch cuts are chosen to run parallel to the real axis so that χ K (θ) is an odd real analytic function on the entire complex plane and continuous along the real axis. In this case χ K (θ) is not periodic anymore with respect to 2πi. It is periodic only modulo 2π, i.e. the following identity holds:
It follows that the distance between the consecutive cuts is 2πi and the jump of χ K (θ) is equal to −2π at each branch cut crossed from below. The choice of branch cuts is depicted in Figure 2 . Although all physical quantities should be gauge-invariant, i.e. invariant under (2.24), the description of the source objects is nevertheless more transparent in a particular gauge fixed by the condition (2.7). In this gauge it is possible to show (see Appendix A) that T 1 (θ j ) = 0 for all physical rapidity θ j , j = 1, 2, . . . , N and we can defineT 1 (θ) by
In what follows we will work in this fixed gauge. The objects appearing in the source terms of (2.30) are as follows. 1. Type I holes 4 : {h
j }, j = 1, . . . , N 1 , which are zeroes ofT 1 (x) satisfying the condition: 0 ≤ |Im h
Holes
5 : {h j }, j = 1, . . . , N 2 corresponding to zeroes of T 2 (x), with 0 ≤ |Im h j | < γ 3. "Close objects": {c j } j = 1, . . . , M C , which are "source objects" satisfying the condition: γ < |Im c j | < π.
4. "Wide objects": {w j }, j = 1, . . . , M W , with π < |Im w j |.
Close and wide objects appear in complex conjugate pairs and they are related to the zeroes of the Q function in the same manner as in the spin-1 XXX chains [19, 20] .
There are also two types of special objects in the source terms of the equations.
They are defined by the relations:
and they are called ordinary and virtual special objects respectively [20] . The function D(θ) of (2.30) is expressed by the asymptotic rapidities of the N particle state:
The values of the constants of the NLIE (2.30) depend on the number of different 4 The term "type I hole" comes from the fact that in the thermodynamic limit of the equations the real zeroes ofT 1 (θ) correspond to holes in the distribution of real Bethe roots. 5 The term "hole" comes from the fact that in the thermodynamic limit of the equations the real zeroes of T 2 (θ) correspond to holes in the distribution of 2-strings.
source objects:
where J denotes the isospin of the state. In addition to (2.30) we need two other equations for the determination of type I holes and wide objects. For the determination of type I holes, a counting function can be defined:
The function necessary for the determination of wide objects is
Taking into account the fact that K II (θ) and χ KII (θ) are zero, this equation looks as if it were the second determination of the first equation in (2.30). The source objects appearing in the NLIE are not arbitrary parameters, they have to satisfy certain quantization conditions dictated by the analytic properties of the unknown functions of the NLIE. The quantization conditions for "magnonic" degrees of freedom read as:
• For close source objects (only for the upper part of the close pair):
• For wide objects (upper part of the wide pair):
(We have determined only the upper parts of the complex pairs, the lower parts are simply given by complex conjugation.) For ordinary and virtual special objects the defining relations (2.39) and (2.40) themselves play the role of quantization conditions.
• Finally for type I holes:
In finite volume the rapidities of physical particles are also quantized. Their quantized values can be determined from y 0 (θ):
All the above quantum numbers I α j 's are half integers. A state is then identified by a choice of the quantum numbers (I h j , I c j , ...). We note that the NLIE itself can impose constraints on the allowed values of the magnonic quantum numbers.
Moreover there are relations among the numbers of different species of source objects. They are called counting equations and in this model there are two of them:
49)
where M 1 denotes the number of close and wide objects lying farther than π 2 from the real axis, M R stands for the number of real 6 Bethe roots of the asymptotic Bethe
Ansatz equations of the model, and N S R means the number of the real special objects. Real special objects can be either real Bethe roots or real type I holes. They are called specials because at the positions of real specials the counting function of real Bethe roots is no more monotonically increasing: i.e. In the TBA analysis of the sine-Gordon theory [10] it turned out that the energy expression for an N-particle state consists of two terms: the sum of the kinetic energies of N non-interacting particles plus an integral expression similar to (1.2) containing the Y-function corresponding to the massive node of the Y-system. Assuming this formula to be valid also for the O(3) NLS model the energy can be expressed in terms of the solutions of the NLIE:
3 NLIE in the IR limit and solution of the asymptotic Bethe equations for 2-particle states
In the ℓ → ∞ limit the NLIE for N particles reduces to the NLIE of an inhomogeneous N-site spin-1 SU(2) vertex model [19, 20] , where the roles of inhomogeneities are played by the physical rapidities. The NLIE description for the inhomogeneous spin-1 SU(2) vertex model is equivalent to the Bethe Ansatz solution, thus in the infrared (IR) limit the NLIE (2.30) is equivalent to the asymptotic Bethe equations (2.1). The relation between the magnon rapidities in (2.1) and the source objects of the NLIE is as follows. The magnons with |Im u j | > π 2 + γ can be obtained by the formula u j = U j + i π 2 sign(Im U j ), where U j is the infrared limit of a close or wide object. Magnons with |Im u j | < π 2 + γ are summed up by the integral terms of the NLIE this is why no source terms can be associated to them.
In this limit the quantization condition (2.48) is equivalent to the asymptotic Bethe-Yang quantization for the physical rapidities:
The term multiplying e iℓ sinh θ k on the left hand side of (3.1) is nothing but the eigenvalue of the "color" transfer matrix the O(3) NLS model taken at the point θ k :
Thus the rapidity quantization conditions given by the NLIE (2.30-2.48) in the IR limit are identical to the Bethe-Yang equations of the O(3) NLS model.
2-particle states
In this subsection we analyse the structure of the asymptotic solution of the NLIE equations based on the explicit T-system solution (2.3). We consider zero momentum 2-particle states, with states corresponding to J = 0, 1, 2 in the isospin space.
The analytic properties of the problem are determined by the magnonic Bethe roots and the zeroes of the transfer matricesT 1 (θ) and T 2 (θ) inside the physical strip 7 .
¿From (2.3) we see that the above data depend on J and the two physical rapidities θ 1,2 and for zero-momentum (symmetric) states with fixed J the state can be characterized by the magnitude of θ 1 . The result of the calculation is as follows. J = 2 state: For all real values of the rapidities θ 1 and θ 2 :
•T 1 (θ) has two real zeroes,
• T 2 (θ) has four real zeroes.
J = 1 state:
For any symmetric state θ 1 = −θ 2 : Q 0 (θ) = θ, and the distribution of zeroes of the transfer matrices depend on the magnitude of θ 1 .
π ≃ 2.72070
•T 1 (θ) has no zeroes,
• T 2 (θ) has two real zeroes.
•T 1 (θ) has two complex zeroes,
• T 2 (θ) has two real zeroes. 7 The strip |Imθ| ≤ π 2 in the complex plane. π ≃ 6.08367
• T 2 (θ) has two real and two complex zeroes.
π < θ 1
• T 2 (θ) has four real zeroes and there is a special object in the corresponding NLIE as well. J = 0 state: For this state the Q 0 function in the IR limit reads as:
3)
. Depending on the magnitude of the rapidities for this state there are seven regions corresponding to the various possibilities for the distribution of the relevant zeroes of the transfer matricesT 1 and T 2 . In our numerical investigations for J = 0 we considered only the simplest symmetric states with 0 < θ 1 <
17−
√ 241 6 π ≃ 1.55809. In this case neitherT 1 nor T 2 has zeroes in the physical strip.
Numerical results
We have considered the NLIE description of the cases N = 0 (vacuum) and N = 1 (mass gap) previously [11, 18] . Some numerical results for these cases are given in the ε 0 , ε 1 columns of Table 1 .
We now discuss the N = 2 (2-particle) cases extensively. This is the next nontrivial case, with possible isospin values J = 0, 1, 2. Concretely, we consider only zero momentum states with physical rapidities θ 1,2 = ±H with the smallest possible momentum values. In addition, we also consider some special N = 3, J = 1 3-particle states with physical rapidities θ 1,3 = ±H, θ 2 = 0, which leads to an NLIE very similar to the one corresponding to the RI1b region for 2-particle states discussed below.
In all cases we started from the large ℓ BY solution and found the numerical solution of the NLIE equation by iteration. We used the following parameters: and one pair of real roots forT 1 (also symmetrical). Some numerical results are given in Table 1 (ε 22 column). The case N = 2, J = 1 is more complex. From the large ℓ BY equations we see that in this case only T 2 has a single pair of real roots. Let us denote this region RI1a. From the BY equations we get the estimate ℓ 0.74, below whichT 1 has (a complex conjugate pair of) imaginary roots inside the physical strip. Indeed, we can monitor the imaginaryT 1 roots as they move towards the physical strip by solving the RI1a NLIE equations for decreasing ℓ values and we estimate that the boundary of RI1a is at ℓ ∼ = 0.65, below which (region RI1c) we have to solve the NLIE with one complex conjugate pair of imaginary roots forT 1 and one pair of real roots for At ℓ = 0.37 the imaginaryT 1 roots meet at the origin and as ℓ decreases further they move away symmetrically from the origin along the real axis. We denote this Table 1 : Finite size spectrum of the O(3) model. The ε 0 = ℓ E 0 column corresponds to the vacuum state, the ε 1 = ℓ E 1 column to the (standing) one-particle state, and the two last columns correspond to the zero-momentum N = 2, J = 2 and N = 2, J = 1 states, respectively.
region by RI1b. According to the BY solution, RI1b ends at ℓ ∼ = 0.036 but the BY equations are no longer relevant for such small ℓ values and in fact we find that RI1b extends all the way to the UV limit ℓ → 0. The three regions of the N = 2, J = 1 problem are summarized in Table 2 . Some numerical results are given in Table 1 (ε 21 column). For N = 2, J = 0 we have not considered all regions. The large ℓ RI0a region is characterized by no roots for eitherT 1 or T 2 . It corresponds to ℓ 2, below which an imaginary pair of T 2 roots enters the physical strip. The N = 2, J = 0 problem corresponds to a number of different regions, but this is not discussed here in detail.
Rotator spectrum
At small physical volumes, ℓ → 0, the only relevant degrees of freedom are those corresponding to the zero modes of the σ fields and the low lying energy levels are the eigenvalues of the effective Hamiltonian [21]
whereL 2 is the quadratic Casimir operator with eigenvalues J(J + 1) and Θ eff is the effective moment of inertia (which depends on the volume ℓ). More precisely, the lowest energy levels in the isospin J sector are given as
where g(ℓ) is some effective running coupling. This effective rotator spectrum is valid in perturbation theory (PT) up to 2-loop level [22, 23] . The lowest energy levels correspond to the totally symmetric tensor states, which in our notation are the J = N states (diagonal scattering or U(1) sector). The J = 1 case corresponds to the mass gap. In this case the PT result is known up to 3-loop order [24] :
where α is a convenient running coupling defined by
Here the constants on the right hand side of this equation are chosen such that the 1-loop term in (4.4) vanishes. For general isospin no direct calculation exists beyond 1-loop order [22] , but using the validity of the rotator spectrum up to 2-loop order [23] we haveε
Using the numerical results in Table 1 , we established that i.e. the 3-loop term in (4.7) vanishes or is very small.
The excited states above the rotator spectrum start at 8) corresponding to two massless particles of momentum ± 2π ℓ .
The UV spectrum of the σ model, obtained by numerically solving the NLIE equations down to ℓ = 10 −6 agrees very well with the above rotator picture. This is shown in Figure 3 .
The Bajnok-Janik formula
Recently [4] a generalization of Lüscher's well-known result [3] about the finite size corrections of particle masses has been suggested. According to this conjecture, in 2-dimensional relativistic integrable models 9 one first defines the auxiliary function
where θ = (θ 1 , θ 2 , . . . , θ N ) are the physical rapidities of an N-particle state and Λ(θ|θ) is the eigenvalue of the transfer matrix corresponding to the state in question. Then the leading (for large ℓ) finite size correction to the particle rapidieties are
given by the solution of the modified Bethe-Yang equations
Finally the energy formula, which includes the leading FS corrections is given by
Here the particle rapidities θ j are solutions of the modified BY equations (4.10).
Since the above conjecture has been questioned for states with non-diagonal scattering in the case of the O(4) model [2] , we decided to numerically investigate the validity of it in our model. The results are shown in Tables 3-6 . In all cases we studied (2-particle states with isospin 0,1,2 and a 3-particle state with isospin 1) (4.10) and (4.11) seem to correctly give the leading FS corrections for the particle rapidities and the energy of the state, respectively. 
A Construction of the T-system and TQ-system
In this appendix we construct T-system elements satisfying (2.7), (2.8) for k ≥ 1, (2.9) and (2.10) for k ≥ 2 and the modified relations (2.21) and (2.22) , assuming that a solution of the O(3) Y-system is found satisfying (1.3) and the Y-functions have roots corresponding to the sets (2.16).
We start by constructing the functionsT 2 andT 3 satisfyinĝ
for k = 2, k = 3 with the additional assumption that they are bounded for large θ and their roots are the elements of the sets t 2 , t 3 . The solution of this problem is the fundamental problem in the theory of the TBA integral equations and is given explicitly by (k = 2, 3) where t
are the elements of t k . We now defineT 4 by.
Using the Y-system equations and (2.16) it is easy to show that the roots ofT 4
are the set t 4 and it satisfies (A.1) with k = 4. Similarly we constructT 5 ,T 6 , . . . recursively. We also defineT .4) and see that its roots are in t 1 and it satisfieŝ
So far we have constructedT 1 ,T 2 , . . . satisfyinĝ
for k ≥ 2 and the T-system equationŝ
for k ≥ 2. The T-system functions can be completed byT 0 by requiring (A.8) to hold for k = 1 also. Note thatT 0 does not have any roots in the physical strip.
The last step is to perform a gauge transformation with g(θ) = ϕ 0 (θ + iq). This gives φ(θ) = ϕ 0 (θ) ϕ 0 (θ + 2iq) (A.9) and
Note that T k has the same set of roots in the physical strip (t k ) asT k and it is a smooth deformation of the correspnding T-function in the large ℓ Bethe Ansatz solution.
Having constructed the T-system elements we now turn to the TQ-relations (2.23). It is possible to show that they are equivalent to the single second order difference equation [25] 
In the large ℓ limit this can be further simplified:
Throughout this paper our main assumption was that the exact solution is a smooth deformation of the one obtained from the Bethe Ansatz at large ℓ. Here we make this statement more precise. Since the exact TBA equations differ from the ones valid in the large ℓ limit only by terms related to Y 0 , which is exponentially small in the physical strip, we obviously have
where ∼ here means up to exponentially small corrections (in ℓ) and we introduced the superscript BA for objects of the Bethe Ansatz solution. Next, from the set of Y-system equations (1.3) we see that the deformation is actually exponentially small in the larger domain
Inspecting the relation between the T-system and Y-system functions we can see that
Finally from the TQ-relations (2.23) we see that it is natural to assume that
Thus Q(θ) is close to the polynomial Q 0 (θ) in the upper half plane (and its complex conjugateQ(θ) in the lower half plane).
In the large ℓ limit it can be shown [26] that the two linearly independent solutions of (A.11) are Q 0 (θ) (which is a polynomial of degree M) and R 0 (θ), an other polynomial of degree 2N + 1 − M > M. We will assume a similar polynomial behaviour of Q(θ) in the upper half plane for large θ thus we can characterize the smoothly deformed solution Q(θ) uniquely by the requirement that (in the upper half plane)
asymptotically for large θ.
B NLIE in Fourier space
In this Appendix we derive the NLIE in the special case where the functions T 1 and T 2 have only real roots in the physical strip and also the roots of Q(θ) satisfy
The set of real T 1 roots will be denoted by {r j }. This is the union of the set of physical rapidities with the set of type I holes. This important special case covers all 2-particle states discussed in this paper (at least for large enough volume) and many other multi-particle states of interest. The derivation in the most general case is more complicated, but goes essentially along the same lines. We start with some definitions. To any bounded meromorphic function ψ(z) we associate the Fourier transform of its logarithmic derivative along a line parallel to the real axis:
For the complex conjugate we have:
The function ψ(z) has roots at R µ and poles at P ν . We have e −kαψ (k, α) − e −kβψ (k, β) = 2πi We start from (2.25,2.26) and (2.28,2.29), which we recall here for k = 1: 
